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2012 = 4× 503 = 22 × 503 503√
503 # 22.4

f(2012) = 22 × 1503 = 4.

3636 = (4 × 9)36 = 272372

f(3636) = 725 = (8× 9)5 = 215310

f2(3636) = 152103 = 233255

f3(3636) = 322355 = f2(3636).

n ∈ N

fn+2(3636) = fn(f2(3636)) = fn(f3(3636)) = fn+3(3636)

f(128) = 49 %= 128 49 = 72 f2(128) = 27 = 128

f2(49) = 49
∈ N

f2(n+1)(128) = f2n(f2(128)) = f2n(128)
(

f2n(128)
)

n∈N

(

f2n+1(128)
)

n∈N
=

(

f2n(49)
)

n∈N
i ∈ N

f i+2(128) = f i(128) f i+1(128) %= f i(128)

i

f(128) = 49 f(49) = 128 > f(128)

f

f(720) = 128 f(128) = 49 < f(720)

f

n n = pa1

1 ...pak

k f(n) = ap1

1 ...apk

k

f(n) = 1
ap1

1 ...apk

k = 1

a1, ..., ak

a1 = ... = ak = 1

n = p1...pk k f(n) = 1

ap1

1 ...apk

k = 2

ai pi ≥ 2
4 f(n) = 2



ap1

1 ...apk

k = 4;

ai pi ≥ 2 pi = 2 aj = 1 j %= i
k

{4p1...pk k ∈ N
∗, p1, ..., pk 2}.

b = 0 1 a ≥ 2 b ∈ N∗ ab ≤ ab

b ∈ N∗

a(b+ 1) = ab+ a ≤ ab + a ≤ ab + ab ≤ 2ab ≤ ab+1

b ≥ 1 a ≥ 2

a ≥ 2 b ≥ 0 ab ≤ ab

k ∈ N∗

k = 1
k ∈ N∗ (bi)1≤i≤k+1

k

a1b1 + ...+ akbk + ak+1bk+1 ≤ ab11 ...abkk
︸ ︷︷ ︸

:=x

+ abk+1

k+1
︸ ︷︷ ︸

:=y

x+ y ≤ xy 1 ≤ (x − 1)(y − 1)

ai x, y ≥ 2
k ∈ N∗ a1, ..., ak b1, ..., bk

a1b1 + ...+ akbk ≤ ab11 ...abkk

a1, ..., ak
P

ai

∀i ∈ {1, ..k}, ai =
∏

p∈P

pbi(p)

bi(p)

f(n) = ap1

1 ...apk

k

=




∏

p∈P

pb1(p)





p1

...




∏

p∈P

pbk(p)





pk

=
∏

p∈P

pp1b1(p)+...+pkbk(p).

f(f(n)) =
∏

p∈P

(p1b1(p) + ...+ pkbk(p))
p .

1 ≤ i ≤ k

p1b1(p) + ...+ pkbk(p) ≤ pb1(p)1 ...pbk(p)k

f(f(n)) ≤ p
∑

p∈P
pb1(p)

1 ...p
∑

p∈P
pbk(p)

k .

1 ≤ i ≤ k

∑

p∈P

pbi(p) ≤
∏

p∈P

pbi(p) = ai



f(f(n)) ≤ pa1

1 ...pak

k = n.

(f2k(n))k∈N (f2k+1(n))k∈N

∃k1, k2 ∈ N; ∀k ≥ k1, f
2k(n) = f2k1(n) ∀k ≥ k2, f

2k+1(n) = f2k2+1(n).

i ≥ max(2k1, 2k2 + 1) := r

f i+2(n) = f i(n)

a α ∈ N a = 2α+ 3β β = 0 a
k ∈ N∗

a = 2k + 1 = 2(k − 1) + 3× 1

(α, β) = (k − 1, 1)

n = pa1

1 ...pak

k ∈ E 1 ≤ i ≤ k αi, βi

ai = 2αi + 3βi

n = (pα1

1 ...pαk

k )2
(

pβ1

1 ...pβk

k

)3

= f
(

2p
α1
1 ...p

αk
k 3p

β1
1 ...p

βk
k

)

m = 2p
α1
1 ...p

αk
k 3p

β1
1 ...p

βk
k

20122012 = (20121006)2 = f
(

22012
1006

)

m = 22012
1006

n m f(m) = n m = pa1

1 ...pak

k

n =
∏

p∈P

pp1b1(p)+...+pkbk(p)

p ∈ P
p1b1(p) + ...+ pkbk(p) = 0 b1(p) = ... = bk(p) = 0

i bi(p) ≥ 1 pi ≥ 2

p1b1(p) + ...+ pkbk(p) ≥ bi(p)pi ≥ 2.

n ∈ E

u0 = 1 u1 ≤ 1/2 u2 ≤ 1/2
u3 ≤ 1/4

k ∈ N

∀n ≥ 2k − 1, un ≤
1

2k
.

k = 0 n ∈ N un ≤ 1 n
n = 0 n ∈ N∗ uk ≤ 1 k < n

u n ≥ 1 k < n 2un ≤ uk ≤ 1
un ≤ 1

k k + 1 n ≥ 2k+1 − 1
un ≤ 2−(k+1)

n

2
≥ 2k −

1

2

u 2k l ul ≥ 2un {0, ..., 2k−2}
2k l ≥ 2k − 1

l

un ≤
ul

2
≤

1

2k+1



n ∈ N (2k − 1)k∈N 0
k ∈ N

2k − 1 ≤ n < 2k+1 − 1.

2k+1 − 2 ≥ n 2k ≥
n+ 2

2

0 ≤ un ≤
1

2k
≤

2

n+ 2
.

(un)n∈N

n

∀n ∈ N, un ≤
2

n+ 2
.

(
2

n+2

)

n∈N

v

∀n ∈ N ∩ [2k − 1, 2k+1 − 1[, vn =
1

2k
.

[−ε, ε] ε > 0 0 1
2k −−−−→

k→∞
0 k

−ε ≤ 1
2k ≤ ε

−ε ≤ 0 ≤ un ≤ ε =⇒ un ∈ [−ε, ε]

n n ≥ 2k − 1

u sn = sup{uk; k ≥ n}
l . /

∀n ∈ N
∗, sn ≤

1

2
s'n/2(−1

l = 0 un

∀x, y ∈ R, |x+ y| ≤ |x|+ |y|.

x y

n − 1
2, ..., n n− 2 n− 1

(n− 1)× (n− 2)× ...× 1 = (n− 1)!

m0,m1, ..,mn m0 = mn = 1 0 < i < n
mi = n l

l = |m1 −m0|+ ...+ |mi −mi−1|+ |mi+1 −mi|+ ...+ |mn −mn−1|.

|m1 −m0|+ ...+ |mi −mi−1| ≥ |mi −m0| = n− 1

|mi+1 −mi|+ ...+ |mn −mn−1| ≥ |mn −mi| = n− 1

l ≥ 2(n− 1)



2(n− 1)

1, n, n−1, .., 1 2(n−1) 2(n−1)

m0, ...,mn

|m1 −m0|+ ...+ |mi −mi−1| = |mi −m0| (= n− 1)

|mi+1 −mi|+ ...+ |mn −mn−1| = |mn −mi| (= n− 1).

k 0 < k < i i < k < n

|mk+1 −mk|+ |mk −mk−1| > |mk+1 −mk−1|

|mi+1 −mi|+ ...+ |mn −mn−1| > |mn −mi| |mi+1 −mi|+ ...+ |mn −mn−1| > |mn −mi|,

k 0 < k < i i < k ≤ n

|mk+1 −mk|+ |mk −mk−1| = |mk+1 −mk−1|

mk+1−mk mk−mk−1 k
0 < k < i i < k ≤ n m0 < ... < mi mi > ... > mn m0, ...,mn

{2, ..., n− 1}

n n− 2

2n−2

n = 5 4

4 + 3 + 2× 2 + 1 = 12

1, 5, 2, 4, 3, 1
n = 6 5

5 + 4 + 3× 2 + 2 + 1 = 18

1, 6, 2, 5, 3, 4, 1

m = m0, ...,mn m
b1 = 0 h1 k ≥ b1 mk > mk−1

b2 k ≥ h1 mk < mk−1

b1 = 0, .., bk, bk+1 = n h1, ..., hk (mi) bi hi hi

bi+1

l

l = mh1
−mb1 +mh1

−mb2 + ...+mhk
−mbk +mhk

−mbk+1

= 2 ((mh1
+ ...+mhk

)− (mb1 + ...+mbk))

mbk+1
= 1 = mb1 (mhi) (mbi)

i
1 ≤ i ≤ k

mhi ≤ n+ 1− i mbi ≥ i

l = 2(mh1
−mb1 +mh2

−mb2 + ...+mhk
−mbk)

≤ 2((n− 1) + (n− 3) + ...+ (n− 2k + 1))

≤ 2k(n− k).



k 0→ k(n− k)
k =

[
n
2

]

x 0→ x(n− x) ]−∞, n/2]

l ≤ 2
[n

2

] (

n−
[n

2

])

=

[
n2

2

]

.

k =
[
n
2

]

mhi = n + 1 − i mbi = i i
1 ≤ i ≤ k

[
n2

2

]

en l(m) m

(n− 1)!en =
∑

m n

l(m)

=
∑

m n

n∑

k=1

|mk −mk−1|

=
∑

m n

|m1 − 1|+
n−1∑

k=2

∑

m n

|mk −mk−1|+
∑

m n

|mn−1 − 1|

m0 = mn = 1 (n− 2)! m1 = x x > 1

∑

m n

|m1 − 1| = (n− 2)!
n
∑

x=2

(x− 1) = (n− 2)!
n(n− 1)

2
=

n!

2

∑

m n

|mn−1 − 1| =
n!

2
.

k 2 ≤ k ≤ n − 1 (n − 3)! mk = x
mk−1 = y x %= 1 x = 1 x > 1 y > 1

∑

m n

|mk −mk−1| = (n− 3)!
∑

2≤x )=y≤n

|x− y|

x = t+1

∑

2≤x )=y≤n

|x− y| =
∑

2≤x,y≤n

|x− y|

= 2
∑

2≤x≤y≤n

(y − x)

= 2
∑

1≤t<y≤n

(y − t− 1)

= 2
∑

1≤t<z<y≤n

1

= 2

(
n

3

)

=
n(n− 1)(n− 2)

3

(n− 1)!en = n! + (n− 2)× (n− 3)!
n(n− 1)(n− 2)

3

=
n!

3
(3 + n− 2) .

n ≥ 2

en = n(n+1)
3 .
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